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Abstract

The goal of this project was to develop a device that uses electric fields to grasp
and possibly levitate LIGA parts. This non-contact form of grasping would solve
many of the problems associated with grasping parts that are only a few microns in
dimensions.  Scaling laws show that for parts this size, electrostatic and
electromagnetic forces are dominant over gravitational forces. This is why micro-
parts often stick to mechanical tweezers. If these forces can be controlled under
feedback control, the parts could be levitated, possibly even rotated in air. In this
project, we designed, fabricated, and tested several grippers that use electrostatic
and electromagnetic fields to grasp and release metal LIGA parts. The eventual
use of this tool will be to assemble metal and non-metal LIGA parts into small
electromechanical systems.
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1.0 Introduction

Since 1996, Sandia National Laboratories’ Intelligent Systems and Robotics
Center has been investigating techniques for the assembly of miniaturized
electromechanical systems. Great strides have been made in developing a semi-
automated CAD-driven  workcell for assembling LIGA (Lithographie
Galvanoformung Abformung) parts with 100 micron outer dimensions and
submicron tolerances [1-3]. In the course of this past work, one area that has
continued to cause difficulty is accurate grasping and releasing of such small parts.
As the size of parts drop below 1 mm in outside dimensions, the parts tend to stick
to the gripper surfaces. The attractive forces that cause this effect are electrostatic,
magnetic, surface tension, and van der Waals. Figure 1 shows that these forces
are dominant over gravity as the radius of a particle drops below 1 mm [4-5].

10°

Force (Newtons)

Gravity
......... Electrostatic
------------ van der Waals
Surface Tension

10° 10" 10° 10
Radius (meters)

Figure 1. Forces of attraction.

All of these forces can be reduced with careful preparation and design of
materials. For instance, surface tension can be reduced by performing the
assembly in a low humidity clean room environment. Van der Waals forces can be
reduced by roughing the tweezer surface [4]. Magnetic forces can be reduced by
using dissimilar non-magnetic materials. For example, in our experiments, we used
Permalloy (a magnetic material) for the gears being assembled and copper (a non-
magnetic material) for the tweezers. And lastly, electrostatics may be reduced by
grounding conductive surfaces; although, oxides quickly build up on most
conductive surfaces, thus trapping electrostatic charge.
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Unfortunately, it is impossible to completely eliminate these forces, and as parts
become smaller, these forces do affect the handling of parts. Therefore, in this
project, we investigated the use of electromagnetic fields to pick up and hopefully
levitate a part so that it can be manipulated without actually touching the part. If
the part can be levitated only a few microns from a tweezer tip, van der Waals
forces are nearly eliminated as shown in Figure 2. The two curves in this figure
represent the upper and lower bounds of the van der Waals force of attraction
between a 2 micron diameter copper sphere and a tweezer tip which varies in size
from 1 micron® to an infinite plane [3]. This figure shows that van der Waals forces
drop between 4 to 6 orders of magnitude if the sphere is only 5 microns away from
the tip. Similarly, surface tension forces will be negligible if the tweezer tip never
touches the part. This has an important economic benefit in that a clean room may
not be needed to assemble parts if they can be levitated and never touched.

Forces Between Sphere and Block

Hamaker Sphere/Half Space

Force (Newtons)

-
Numerical Integration of Block

0 0.5 1 1.5 2 25 3 3Y5) 4 4.5 5]
Distance between sphere and block edge (microns)

Figure 2. Van der Waals force of attraction.

There are several previous works that lead us to believe that it is feasible to
develop an electromagnetic levitation probe for assembly. The first is a 1997 paper
by Williams, et.al., at the University of Sheffield in the United Kingdom [6]. They
have demonstrated the ability to levitate a 500 micron diameter, 10 micron thick
aluminum plate using high-frequency (1-10 MHz) magnetic fields generated by a
multi-pole stator coil. Induced eddy currents in the aluminum plate (rotor) cause the
plate to be repelled from stator coil and levitate at a height of 5 to 35 microns above
the substrate. By using three coils and phasing the applied current, they have
demonstrated that they can even rotate the aluminum rotor at 1000 rpm.

Another relevant work is a paper by Rulison, et. al., at Loral Space Systems [7].
They have developed an Electrostatic Containerless Processing System
(ESCAPES) which levitates 1 to 3 mm diameter specimens of metals, ceramics,
and semiconductors using electrostatic fields. The system was designed to
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investigate thermophysical properties of materials. The specimens are heated with
a deuterium lamp to maintain their electrostatic charge. An optical feedback
system using HeNE lasers and position sensitive detectors (PSD) is used to control
the x, y, and z position of the specimens.

Other work by Allison and Kenall at the Pennsylvania State University [8] have
developed an electrodynamic suspension system which stably levitates solid and
liquid particles ranging from 1 to 100 microns diameter without the need for
feedback control. Also unique to their suspension system is that six transparent
electrodes are arranged as faces of a hollow cube, allowing easy access for an
optical measurement. Four of the electrodes are drive by a variable-frequency two-
phase AC source operating in the low audio frequency range.

There is one last levitation approach worth mentioning, but not worth pursuing.
The optical laser trap as developed by Cell Robotics has been successful at moving
semi-transparent materials such as blood cells in a liquid medium [9]. We have
previously taken a LIGA gear to Cell Robotics and tried to move it. There were two
problems. First, the gear had to be placed in liquid, and second, the trapping
phenomenon did not occur because the gear was not semi-transparent.

To realize an electromagnetic levitation scheme that could be used to assemble
LIGA and micro-optoelectronic components, the following issues must be resolved:
1. An analysis must be performed to understand how electrostatics, magnetics,

and electromagnetics can be combined to levitate both metallic and non-metal

parts.

2. Micro-coils and electrostatically charged structures need to be designed,
fabricated, and tested to produce the desired electromagnetic fields.

3. An optical, inductive, or capacitance feedback sensor needs to be designed,
fabricated, and tested to control the stand-off of the part.

This report describes the work performed in these areas over the course of this

project.
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2.0 Electromagnetic Analysis and Simulation

During this project, the Electromagnetic and Plasma Physics Analysis
Department has performed extensive electromagnetic analysis and simulation to
determine the attractive and repulsive forces that can be expected between the
gripper and the part to be picked up. The initial analysis was based on a flat
circular metal part being picked up by a circular shaped gripper (or stator) as shown
in Figure 3. The part on the left has a radius d, thickness t, and density p,,. The

stator on the right consists of a circle of radius b with a DC voltage +(V/2) applied

to each quadrant. The sign of the applied voltage is alternated between adjacent
quadrants so that the part can remain neutrally charged.

\

S

Stator/Gripper

Figure 3. Geometry of circular part and stator (or gripper).

When the stator is directly over the part and the distance between the two is
small compared to the diameter (i.e. neglecting fringe fields), they act as a parallel
plate capacitor with capacitance
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where ¢, is the permittivity of free space (& =%x10‘9 F/m), ais the inner
T

radius of the stator pad, b is the outer radius of the stator pad, and # is the height
of the stator above the part. The energy stored in the capacitor is given by

2
E= %c(%j @)

where (V/2) is the applied voltage to the stator. The electrostatic force of attraction
between the part and the stator in the z direction perpendicular to the plates is

given by
2 (2 2
Fe_aE__lgo(Kj n(b a ) 3)

27 9r 2 °\2 2

In order to pick up the part, the magnitude of the electrostatic force must be
larger than the magnitude of the weight of the part. The weight of the part is given

by
FY =p,rd*tG (4)

where p,, is the density of the part, d is the radius of the part, ¢ is the thickness of

the part, and G is gravitational acceleration ( G =9.8 mls?). Assuming the outer
radius of the stator is equal to the radius of the part (b =4d), the inner radius is
zero ( a =0), and using Equations (3) and (4), the part is picked up if

2
v [SonlGh (5)
80

For values of h=10um, t =100um , and p,, =19281kg/m> (for gold), we find that
V >41.3volts. This is well within the Pachen voltage breakdown curves at standard
pressure and temperature. The Pachen curves show the maximum arcing voltage
for two planes to be 300 volts at 10um, and 900 volts at 100um. The actual
geometry may give somewhat smaller breakdown voltages as a result of field

enhancements near the device or stator edges. As another example, suppose we
design for twice gravitational acceleration, a maximum thickness of 100um and a
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maximum gap of 100um. The applied voltage must be greater than 585 volts in

order to pick up the part. From a voltage breakdown point of view, this is tolerable if
the voltage is scaled back at closer distances. However, this is on the edge of the
current state of the art in drive electronics. Therefore, in our studies we have only
considered parts that are 100um in thickness and less than 50um between the part

and the gripper. In this range, the applied voltage (V/2) is less than 150 volts.

If the stator is above the part and the electrostatic force is counteracting gravity,
it should be possible to levitate the part when the electrostatic force is equal to the
gravitational force. Unfortunately, the attractive forces between the part and the
surface it is on tends to hold the part down, requiring us to increase the electrostatic
force to break it away from the surface. When the electrostatic force is finally
increased to the point where the part is broken away from the surface, the part
accelerates towards the stator with such force that it jumps to the stator and stays
stuck to it. To overcome this effect, we have added a repulsive force to counteract
the attractive force. This repulsive force was created with an electromagnetic field.

If an alternating current is applied to a coil surrounding the stator as shown in
Figure 3, then it is possible to induce a circular Eddy current in the metal part that
will cause the part to be repelled from the stator. This electromagnetic force is
approximated by

2
I
Fm Mo’ o 6
¢ 272D (©)
where pu, is the permeability of free space (u, =47z><10"7H/m),Iis the rms

magnitude of the current applied to the coil, and cis the radius of the coil. The
distance

_2h%+215+36%/4

D =
h+0/2

(7)

is a modified Sunde approximation where h = h+%w and t,,is the thickness of the

coil. The skin depth of the induced electromagnetic field is

2
ou,oc

(8)

where wis the frequency of the current through the coil, and ¢ is the conductance
of the part. Figure 4 shows the relative magnitude of the electrostatic attractive
force, the electromagnetic repulsive force, and gravity as a function of distance
between the part and the stator.
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Figure 4. Electrostatic attractive force, electromagnetic repulsive force, and gravity.
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Figure 5. Side view of stator picking up part off a surface.
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Next we consider the dynamics of the problem and a feedback control scheme
for levitating the part. Assume the stator is above the part and the part is above a
flat surface as shown in Figure 5, and that surface tension can be neglected. The
equation of motion along the z axis for the disk is given by

2 (2 2 2 2
il S A=) wle nall 1]
2 2 (A—t——z) D 6 (z+t) b4

C2(A—z—t1+41, /2P +2(A—z—1+1,,/2)5+356% /4

where m=p, rd*t = ,and
& (A—z—t+1,/2)+6/2

H is Hamaker’s constant (assumed to be 40x107297 for gold). The first term on

the right is gravity, the second term is the electrostatic force acting upwards, the
third term is the electromagnetic force acting downward, and the last term is the
nonretarded van der Waals force holding the part against the surface it is on (see
Appendix A for the derivation).

For the moment, assume that the current running through the coil is zero, and,
therefore, the electromagnetic force is zero. To levitate the part, one possible
control law would be to vary the applied voltage to the electrostatic pad as a
function of measured gap between the electrostatic pad and the part. This control
could be written as

2mG

V =2h m+1<p(h—h*)+1<vk (10)
0

where h=A-t—z is the measured gap and K" is the desired gap. The first term
is a feedforward gravity compensation term, and the second and third terms are
proportional and derivative control terms with user-defined gains K, and X, .

Figures 6 and 7 show the response of this control without and with the derivative
control term. Without the derivative term, there is no damping, and the part
oscillates at a frequency of 5 Hz. With the derivative term, a near critically damped
response can be achieved. The difficulty in producing this more desireable
response is that the measurement of the gap must be noise free since the
derivative of this measurement is multiplied by a gain of K, =500.

Figure 8 shows the response of this control when a constant electromagnetic
field is added. The electromagnetic field pushes the part away from the stator,

causing it to never reach the desired gap h" =30 um.

For dielectric parts, an electrostatic field may still be used to lift the dielectric
part although it will have substantually less force than a metal part. And
unfortunately, in the dielectric case it is impossible to repel the part with an
electromagnetic field. Assuming the part acts as a dielectric half space, the
equivalent capacitance between a stator and a dielectric part can be approximated
from a series circuit as
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_ (2¢,)c, 12) -
2C, +C, 12

where each gap has capacitance

2 2
e\ —a“Ir

¢, == 12

& 2h (12)

and the approximate capacitance through the dielectric when A =0 is

C, = %2(b—a)ln(%) (13)

where ¢ is the permittivity of the dielectric part and g is the gap between the
electrostatic pads on the stator. The associated electrostatic force is

7 =1V2§£=—1V2 2C3 e (bz—az)zr/Z
; .
S22 (ac,+C, /2P h?

(14)

The ratio of the force for a dielectric part to the force for the conducting part is

2
%z[zc 2Cg /2] T : 2 (19)
F; otCp {H_evoﬂ'z (b+a)}

€ 16h1n(8t/g)

If the relative permittivity of the partis €/, =8, a=0mm, b=2mm, h=10um, and

F . .
t=g =100um, then —Ze=0.014. Therefore, the attractive electrostatic force for a
F
%
dielectric part is substantually less than for a conductive part, which implies that in
order to pick up the pan, the gripper will have to be much closer to the dielectric
part than the conductive part. Surface conduction on the part may eventually give

rise to larger forces at later times.
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Several other simulations were performed to investigate the required voltages
and maximum distance required to pick up a variety of non-symmetric parts. In
these cases, simple formulas do not exist as they do for the parallel plate example.
Instead, the Sandia-developed boundary element electrostatic code called
EIGER_S was used to solve for the micro-scale forces and moments between two
bodies (a gripper and the part to be grasped). This software was originally
developed by Sandia National Laboratories to evaluate the electrostatic fields on
various weapons components. In this project, we have expanded it’s capabilities to
compute the electrostatic forces and torques between multiple bodies, and to
perform these calculations on a parallel computer.

A standard method of solution [10], based on the electrostatic potential, is
employed to obtain the charge density on the metal surfaces. The unknown surface
charge density is expanded in piecewise constant pulses over each panel, and then
the electrostatic potential at the center of each panel is setto V; +C where V;+C

is the potential of the " body. The constant C in the potential is determined by the
constraint that the total charge in the problem is zero.

The inputs to the code are the potential voltage of each body and a mesh
(panels are either triangles or squares) of each body. To compute the charge
distribution, the code uses LU decomposition to solve the equation

Pq=p (16)

for q, a vector containing the charge density of each panel on each body. The
vector p is the potential of each panel on all bodies, and the matrix P is a function
of the integral of the inverse of the distance between each panel. The dimensions
of matrix P are quite large. For example, if there are 2 bodies and each body
contains 1000 panels, then the dimensions of matrix P are 2000x2000. EIGER_S
uses closed form solutions to evaluate the matrix P for triangular and square
panels. Most of the other electrostatic codes use numerical techniques to compute
the matrix P for both triangular and square panels as well as curved parametric
surfaces. The advantage of using a closed form solution is that it does not become
numerically unstable as the panels come very close together. At present, the
closed form solutions do not allow us to solve for the electric fields of a curved
parametric surface.

Once the charge distribution on the body panels has been calculated, the
electrostatic force and moment between bodies is calculated using Coulomb’s law.
The force on each panel j of body iis given by

= ZZq,,,, (17)
£, 17

e

where g;;is the accumulated charge on panel j of body i, 7;is the position of the
center of panel jof body i, ¢,is the permittivity of free space, n is the number of
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bodies, m, is the number of panels in body b and the intergral is over pannel q of
body b. In this expression, self-forces (b=i,p# j) are ignored since the bodies

are assumed to be rigid. The total force acting on body i is the sum of the forces of
the individual panels.

m;
i= 2 F; (18)
j=0

i

The torque acting on a body with respect to it's center of mass is the sum of the
cross products of the vector distance from the center of mass of the body (FCg,-) to

the center of each panel and the individual forces acting on each panel.

-

- U n_ _
M; = zo(r,-j ~ Fogi )X Fy (19)
j:

Examples of simulations that were performed are illustrated in Figures 9-13.
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Figure 9. Simulation of electrostatic force between gripper array and cylinder
shaped part.
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Figure 11. Simulation of electrostatic force between gripper array and a C-shaped part.
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Figure 12. Simulation of electrostatic force between gripper array and an L-shaped part.
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Force uN

Figure 13. Simulation of electrostatic force between gripper array and a T-shaped part.
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3.0 Experimental Tests

Along with the analysis and simulation discussed in the previous section, we
experimentally tested several gripper designs. The next two sections discuss the
test results of the electrostatic and combined electrostatic/electromagnetic grippers.

3.1 Electrostatic Gripper

Within the first six months of this project, we demonstrated that we could pick up
and release a 4 mm diameter copper plate using electric fields. A 4mm diameter, 4-
electrode stator from the Micro-Gyro project was mounted in our microassembly
workcell in an inverted position (see Figure 14). We designed and fabricated a
robot tool interface plate and a custom printed circuit board to hold the stator
package and provide interface electronics to the power amplifiers and synchronous
detection circuitry. We also designed and fabricated a pedestal on which to place
the copper plate. Software was written to position the stator at varying heights
above the copper plate while varying the voltage to the stator. A capacitance
sensor on the stator was used to measure the distance between the stator and
plate.

Figure 14. Picking up 4mm diameter copper plate using electrostatics.
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Tests showed good correlation between theoretical analysis and experiments.
Figure 15 shows how the gap between the plate and the stator depends on the
voltage applied to the stator and the initial gap (at zero potential). The x-axis in the
figure is the initial gap, while the y-axis is the capacitance sensor reading. The
color of the curve is the voltage applied to the stator. The capacitance sensor
reading represents the change in the gap when the voltage is applied. When the
plate has been picked up, the capacitance sensor reading is 1. Any value less than
this means that the plate has been released. From this figure, we see that the plate
is picked up when stator voltage is 120V and the distance is 80 microns. However,
the stator must be closer to the plate if the stator voltage is 96 V. For the stator
configuration used in the experiments, the theoretical electrostatic force is given by

/L (20)
2 p2

where V is the stator voltage, r is the radius of the stator and h is the gap. When
the electrostatic force is greater than gravity, the copper plate is drawn into the
stator. Comparing Figure 16 to Figure 15, we see that the experimental results
closely match the theoretical expected values.
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Figure 15. Capacitance sensor readings in experiment. Capacitance reading of 1
indicates plate is picked up.
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Figure 16. Theoretical electrostatic force of attraction.

Unfortunately, when the voltage on the electrostatic pads was returned to zero,
the copper plate did not release 92.2% of the time. This sticking effect is believed
to be caused by unmodeled residual electrostatic forces, van der Waals forces, and
surface tension. The part could be jarred loose with a slight vertical acceleration
along the robot’s z-axis. To reduce this sticking, we designed the combined
electrostatic/ electromagnetic grippers discussed in the next section.
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3.2 Combined Electrostatic/Electromagnetic Gripper

During the second six months of the project, we designed three new stators that
were fabricated at Sandia’s Compound Semiconductor Research Laboratory. The
first design is similar to the micro-Gyro stator except coils were added (see Figure
17) to create an electromagnetic repulsive force. Combining this repulsive force
with the attractive electrostatic force, we had hoped to be able to levitate the 4 mm
copper plate. The second and third design created an array of electrostatic pads
and electromagnetic coils (see Figure 18). With this array, we planned to pick up a
nonsymmetric part such as a 480 micron diameter pin.

Figure 17. Combined electrostatic/electromagnetic stator. The electrostatic force
of attraction is created by applying up to 150 volts to the four inner pads. The
electromagnetic force of repulsion is created by applying up to 1 Amp of current to
the coils surrounding the inner pads. The center circle is used to sense the stand-
off distance between the part and the stator.
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(b)

Figure 18. Two array designs for nonsymmetric parts. The cross-shaped pads in
the middle of each coil are individually addressable electrostatic pads. The coils
are individually addressable electromagnetic coils. The diamond-shaped pads are
capacitive sensors.
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The purpose of the first set of tests was to determine the probability of sticking
for the structure in Figure 17. Since the electrostatic pads on this structure were
smaller than the electrostatic gripper described in the previous section, this new
probability of sticking statistic was believed to be different than the previous
determined probability of sticking.

Figure 19 shows the measured probability that the copper plate would not be
released when the voltage was returned to zero. A total of 500 trials were
performed over several days. Each batch number consists of 10 trials. The gap
between the electrostatic pads and the rotor was the maximum distance at which
the structure was able to pick up the rotor. This distance varied on a daily basis
from approximately 30 to 40 microns. For each trial, 150 Volts was applied to the
pads for 5 seconds. If the copper plate did not immediately fall off, it was counted
as being “stuck” to the gripper. The average probability of sticking was calculated
as 38% from these 50 data points (as indicated by the pink line on the graph.) With
such a large deviation from batch to batch and no time dependent trends, the
probability of sticking appears to be quite random.
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Figure 19. The measured probability that the copper plate would stick to the gripper
after the voltage is returned to zero.

These tests were repeated with a 10MHz, 1A current applied to the
electromagnetic coil after the electrostatic voltage was returned to zero. Similar to
[6], the alternating current should create localized eddy currents on the part with a
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resultant magnetic field that repels the part away from gripper. Figure 20 shows
that, on a consistent basis, the copper plate either fell off immediately or fell off
when the electromagnetic coils were shut-off. The electromagnetic coils were only
allowed to be on for 1 second. Significant heating occurred if the coils were
allowed to be on for more than a few seconds. Figure 20 shows the probability of
sticking over 15 batches of 10 trials each. Due to the consistent nature of the data
during this portion of the testing, it was believed that only 150 trials were necessary.
In Figure 20, one can see that the use of the electromagnetic coils resulted in a
probability of sticking of either 0 or 10% for every batch. The average probability of
sticking was 6.0% with a standard deviation of 5%.

Electromagnetic Test
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Figure 20. Probability of sticking when a 10MHz, 1A current is applied to the
electromagnetic coil.

The last experiment involved connecting the electromagnetic coils to a DC
voltage supply to simply heat the structure. This test was to assure that the AC
current applied in the previous test wasn’t just heating the structure, removing
moisture, and thus, reducing surface tension effects. Since it was not certain this
method should work for releasing the copper plate, the structure was heated only
when the plate seemed to be stuck. Figure 21 shows that the heating of the
structure was not as consistent in releasing the part as in the electromagnetic tests,
and the probability of sticking varied considerably. The average probability of
sticking was 15%.
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Figure 21. Probability of sticking when a 1A DC current is applied to the coil.

April 2002



4.0 Conclusions and Future Directions

The experimental results show that electrostatic fields can be used to reliably
pick up a LIGA part while electromagnetic fields can be used to release this part.
The electromagnetic coils significantly reduce the sticking effect caused by residual
electrostatic, van der Waal, and surface tension forces. The experimental results
show that we can reliably pick up the 4mm diameter, 100 micron thick part when
the gripper is within 80 microns of the part and a 120 volt potential is applied to the
electrostatic pads. Unfortunately, there was 38 percent probability that the part will
stick to the gripper when the voltage was turned off. To eliminate this sticking
problem, the electromagnetic coils where added to the gripper design. Driving the
coils with a 1 A, 10 MHz sine wave reduces the probability of sticking to 6 percent.
Other tests show that simply heating the surface by applying a DC current through
the coils reduces the probability of sticking to 15 percent.

Experimental tests and the lateral stability analysis discussed in the Appendix
suggest that it is difficult to stably levitate a part with the current planar gripper
designs. Any small lateral disturbance or initial displacement can cause the part to
jump out of the electrostatic/electromagnetic fields. Further research is needed to
design a true levitation device. However, the current design is still a possible
solution for reliably picking up and releasing metal LIGA parts that are less than 1
mm? in size.
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Van der Waals (sometimes called London’s or dispersion) force is caused by a
momentary dipole moment between atoms resulting from interaction between
electrons in the outermost bands rotating around the nucleus. This moment exists
even for atoms which do not contain a permanent polarization. While the average
distribution of electrons is uniformly distributed about the nucleus, the outermost
electrons of one atom are inducing a dipole on the other atoms which in turn induce
a dipole on still more atoms. An easy-to-read overview of van der Waals forces is
given in [11].

The end result is that the non-retarded interaction energy between two atoms or
molecules is proportional to the inverse of the sixth power of distance between the
molecules.

E=-2 (A1)

1”6

where r is the distance between the molecule centers and A is a constant. This
constant depends on temperature and material properties such as the distortion
polarization, permanent dipole moment, and ionization energy.

The derivation of energy between a disk and a plane (modeled as an infinite half
space) follows that of Hamaker £1 2]. The energy of interaction between two

particles containing n atoms per cm” is given by
2
E=— | %a’vzdv1 (A.2)
v r

where V; and V., are the volumes of the first and second particles. The energy of a
particle p outside of the infinite half space is determined by integrating van der
Waals energy inside the volume of the plane with respect to the coordinates of p
(see Figure A.1(a)).

27 6y

=1 1 A
D 0 0

r2sinfd0dedr = = (A.3)

E
6D>

\ol §>

where D is the distance from the particle p to the plane, and cos6, = 2. The total
r

energy between the disk and the plane is determined by integrating E, inside the
disks’s cylindrical volume (see Figure A.1(b)). '

D+t 2% R HR2 1 1
E= [ [ [ Epndxdydz=—rH|—-—> (A.4)
D 0 0 12 | p* (D+1)

where H = 7z%n’A is the Hamaker constant, ¢ is the thickness of the disk ,and R is
the radius of the disk. The non-retarded van der Waals force along the z axis is

given by

OE HR?| 1 1

Fp=o0pb=—r -3 | (A.5)
oD 6 |(D+:f D
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(a) (b)

Figure A.1. Notation for computing van der Waals energy between (a) A particle p
and an infinite half space, and (b) A disk and an infinite half space.
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Levitation and Stability of a Conducting Disc Above a Coil of
Electric Current

Larry K. Warne
September 19, 2001

Abstract

The problem of a conducting disc above a loop of electric current is analyzed to examine levitation
and stability criteria. Experiments with microstructures demonstrated that oppositely directed stability
coil and levitation coil currents were required (which was consistent with experiments discussed in the
literature). This report constructs simple models of the structure that explain why such an arrangement
leads to stability.

Acknowledgement 1 I would like to thank John Feddema and Frank Peter for including me on the
design team for these structures, for many helpful discussions with regard to their operation, and for
funding. I would also like to thank William Derr for many suggestions and discussions about operation
of the device. Finally I would like thank Roy Jorgenson and William Johnson for many discussions on
modeling of these devices.

1 INTRODUCTION

This report addresses the levitation and stability issues of a disc conductor above a current carrying coil
(consisting of several current loops). Experiments were performed several years ago on these structures and
were also conducted elsewhere [1], [2]. Although actual discs have finite conductivity, and thus nonzero skin
depths 6 and thicknesses A, we use a perfectly conducting thin disc model in this report.

We first look at two models for the lateral restoring forces predicted from the disc edge alone. The first,
which is the simplest, consists of a perfectly conducting half plane (the edge of the disc) above a perfectly
conducting plane (the stator coils), with magnetic fields induced by magnetic line charges representing the
gaps between the stator coils as shown in Figure 1. This first model illustrates the criterion for stable
lateral restoring forces. Because previous experiments used very thin stator coils, for which uniform current
densities were present, a second model is considered that is a perfectly conducting half plane above thin
uniform current density levitation and stability coils as shown in Figure 2. This second problem allows the
choice of current densities on the drive coils to be made directly corresponding to the experiments. Conformal
mapping is used to solve both-these two dimensional models.

Oblate spheroidal coordinates is used to solve the actual three dimensional geometry of the disc above
stator coils shown in Figure 3. Again uniform current density is assumed on the stator coils. Perturbation
theory is used to simplify the eddy currents in the circular disc when it is displaced slightly off center from
the stator center. The forces are estimated to investigate whether stable restoring forces are then experienced
by the disc.

References for the physical models, conformal mapping, and oblate spheroidal coordinates are found in
[3] and [4], and for the mathematics are found in [5], [6], and [7].
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2 EDGE MODEL - MAGNETIC CHARGE SOURCE EXCITA-
TION

To obtain a feel for the conditions required for lateral stability we consider a simpler problem consisting of
a single edge of the disc. This edge is taken as a half plane conductor at —00 < z < d and y = h. Below this
half plane conductor is a conducting plane. The magnetic field is induced by a two dimensional magnetic
line charge —qm at the origin. Because we desire some of the magnetic flux to emerge between the disc
half plane and the exciting coil ground plane we also need a magnetic line charge +¢,,/a at £ — —oo and
0 < y < h. First we include only the left two line charges in Figure la, then the third is also included.

2.1 Conformal Transformation

The conformal transformation to map the upper half of a 2; = z; + jy; plane of Figure 1b into the region
above the ground plane in the 2 = z + jy plane of Figure 1b is

d w/m—- w—
& G+ )R =y (14 1/2)
1

The z and z; plane geometries are shown in Figure 1. We are placing the point £ — —oc0, y > h at 2; — —o0.
The edge of the half plane z = d + jh maps to z; = —1. The point z — —00, 0 < y < h maps to 2; — 0.
The point £ — 400, ¥ > 0 maps to z; — +oco. Thus as we approach the point 2; = 0 we let 2; = £;€7%,
with €, — 0, or dz; /21 = jdy

dz ~ Cyjdp
Noting that z varies between —R + jO and —R + jh when ¢ varies between 0 and 7 we find that

Cl = h/’ll'

Integrating the transformation with respect to 2;, and using the condition that z = d 4+ jk when 2; = —1 to
evaluate the integration constant, gives

h h
z=—(z1+Inz) +d+—
T T

2.2 Magnetic Field Solution
At low frequencies, the magnetic field intensity H obeys the equation
VxH=J

where J is the electric current density. In nonmagnetic media, the magnetic flux density (or magnetic
induction) B is related to the field intensity through the constitutive relation

B = poH

where p1g = 47 x 1077 H/m is the magnetic permeability of free space. The magnetic induction obeys the
equation

v'ﬂ'_'pm



where p,, is the magnetic charge density. Although true magnetic charges have not yet been observed this is
a convenient source quantity that can be used to mimic certain current source field distributions. In regions
free of electric current we can determine the magnetic field intensity from the scalar potential ¢, by means

of

The scalar potential satisfies

V20 = —Pm/ o

Thus, in charge free regions it obeys Laplace’s equation. Using the fact that the real and imaginary parts of
an analytic function W are harmonic, we can take

¢m = Re (W)

where W is known as the complex potential.
We assume we have a two dimensional magnetic line charge gm at location p’

V24, = —qmb (0 — 0') /1o

In complex notation the two dimensional position vector p’ is the location z’, which maps to location z; by
means of the conformal transformation. Because we intend to take the line charge ¢, (as well as the line
charge —gy /@) on the ground plane in the 2; plane, the strengths of these line charges double as a result of
images in the ground plane giving complex potential

g gm/
Wz—;:;m(zl—-z{)+ 7’:/

In 24
The source location 2z’ = 0 maps to 2| = z} where

O0=z]+Inz]+1+nd/h

Let us denote the value of z] when d = 0 by zg

O=zy+Inzy+1

The value is

z}y ~ 0.278464543

wd/h
x’1~xa(1—— 1+z{)>

The magnetic field can now be determined from

H,=-2%m _ _Re (ﬂ) =—Re (dWﬁ‘iﬁ)

Now to first order in d we have

oz dz d_zldz
% dw )\ . (AW . (dWdz
=== __Re(dzj)“lm(dz)“lm(dz dz)

B-3



aw Qm gm/

—_—— - +

dz Ty (21 — 2])  Tpy2y
dz h

d_z: = ;(1+Z1)/21

2.3 Lateral Force

The lateral or z directed force can be easily found by means of the Maxwell stress tensor

E=}§[ﬂoﬂ(ﬂ'ﬁ)—%#offzﬂ} d5=fc[uoﬂ(ﬂ~n)—%uolf2n d¢

where S encloses the object on which the force is desired and n is the unit outward normal to S. The surface
S is replaced with a cross sectional contour C and the force per unit length is found in this two dimensional
problem. The contour C is taken as: the bottom of the half plane —~R < z < d—candy = h—0; a
small circle C, of radius € at the edge of the half plane; the top of the half plane —R < z < d — ¢ and
y = h + 0. The lateral force F; is determined all from the tip of the half plane on the contour C. where we
take z = d + jh + €€’ and df = edyp

Jakh = pO/ [% (HZ — H?) cosp + H Hysing| edy
-

Letting z = d + jh + €e?®, with —7 < ¢ < 7, and 2, = —1 4 7, with €, |,| << 1, the transformation can
be expanded as

T 1

71'53‘7“, =mn +In(l—n)~ —5712

or

N, ~ \/27me/hed(PF)/2

so that O < arg(n;) < 7. The derivative of the potential is therefore

dz = poh (zl-—z{ 1/a> (1+2) Hoh (1+x’1-1/a) M

qm 1 =4
0 — —1/a ) e ilep+m)/2
o V2mhe (1‘*“”'1 / )

The fields are therefore

H, ~——3m ( ! —1/a> sin (¢/2)

—;1,0\/27rhe 1+
q 1
y~ #0\/72"7rh€ (1 e l/a) cos (¢/2)

The force per unit length is thus




2.3.1 small d expansion

The small displacement expansion of the force is
2 1 S 1 Lwd/h
Fom—gi (Ll 1ja) (L yye) ST
2puph \ 1+ z; toh \1+x; (1 +xg)

2.4 Lateral Stability

The total force on the two dimensional model for the disc consists of the above force for the positive z edge
minus the above formula with d — —d for the negative z edge times a length dimension £,

/4 1 2 1 2
Ftot o _qfn z -1 =
z 2uoh [{ T+zi(@ 152 (=g /@
=4 1 1
=_sz [ 1 - I ] [ 1, + ,1 -—2/&]
2pph |14+21(d) 1+4zi(—d)] [1+2zi(d) 1+z](—d)
Using the small d expansion gives
ot _2¢3¢, ( L, /a) zhwd/h
? Hoh \1+zp (1+z5)°
A restoring force is obtained (that leads to lateral stability) if F£°* < 0 for d > 0. Thus we must have

a > 1+z) ~ 1.278464543

or

a<0
for stability.

2.5 Choice of Length Parameter

The length parameter £, can be chosen from the global geometry of the disc problem. Suppose the disc
has radius a. Then because the lateral edge force is radially directed F, there will be a cos ¢ factor applied
around the disc to determine the z directed component. Furthermore because the radial force is proportional
to the small displacement d, and because this displacement is proportional to cos ¢ around the disc we take

Fdise oy /" F, cos? padp = FLt
-7

where



2.6 Current Density On Stator Electrodes

We now look at the meaning of the choices of ¢, and @ in terms of current density on the stator electrodes.
The current densities are taken positive when in the positive 2z direction.

The levitation electrode is taken to be —0o < z < 0 and y = 0. The asymptotic form of the magnetic
field between the half plane and the stator electrode is the same as the current density

- . I/
K¢=—-H;(z,0) o

Thus for a positive levitation current density we want g, /o > 0.

The stability electrode is taken to be 0 < z < co and y = 0. However, because the field is decaying in this
region, the stability current density is decaying also. Suppose we take the width of the stability electrode to
be b,. Then we could take the value of the field at z = b,/; as a rough estimate for the stability electrode
current density

K, =~ —H, (b:/2,0)

Because we are only interested in an approximate value we take d = 0 in the transformation

s/ (2h) — 1 = 15 + Inzy,
where z;, > 7. Suppose we take b, =~ 50 pm and h = 20 pym, which gives z;, &~ 2.15787. Then
dm T1s 1
Kt ——— | ————1/a| ———
i [l.oh (231, - 26 / ) (l +$1,)
The ratio of stability to levitation current densities is thus

K,/K¢z<1 2 ) 1

B 1—276/213 (1 +I]_s)

Thus the two currents have the same sign for

a<1—z5/z1, ~0.871

otherwise they have opposite signs. The region of stability a > 1+ & 1.2785 thus has opposite signs for the
stability and levitation currents. The region of stability o < 0 has the same sign for the two currents. The
magnitude of the current ratio near the stability threshold a = 1.2785 is smaller K,/ K, ~ —0.468/ (1 + z15)
than the magnitude at the other threshold of stability a =~ 0 where K,/ K; ~ 1/ (1 + z,).

2.7 Current Density Near Edge of Half Plane
The total current density on the half plane is

K,=H,(z,h—0) — H. (z,h +0)

Far from the edge of the half plane, this current has the opposite direction from that of the current on the
levitation electrode beneath (the resulting repulsion leads to a vertical levitation force on the half plane).
Near the edge £ = d — ¢, however this current density becomes

2qm 1 )
K, ~ —-1/a
i /10\/271'};,5 (1 +:L"1 /
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and ford=0

2qm
v e (g )

In the case where ¢, > 0 and a > 0 we see that the sign of the current near the half plane edge follows the
opposite sign of the lateral force. A restoring (stable) force means that the current near the edge is positively
directed (the same direction as the levitation current density below the half plane). This current is oppositely
directed from the stability electrode current in this case. The repulsive force (between oppositely directed
currents) with respect to the stability electrode is thus thought to be responsible for the stability in this
region; without the positively directed sign of the current near the edge we would not expect a restoring
force. Figure lc illustrates the current sign reversal near the edge of the half plane. This sign reversal (which
is also a sign reversal in the tangential magnetic field on the half plane) is not surprising from the point of
view of the magnetic field emanating from the source below the edge of the half plane.

If we take ¢, < 0 and a < 0 the half plane current is always negatively directed (the opposite of the
levitation electrode current and opposite of the stability electrode current) and repulsive forces apply to both
electrodes.

2.8 Vertical Force
The energy per unit length is

W= [ GhoH?dS = 2o [ Von-V6mdS = gho [ [T+ (6mTn) = 6V 0] S
S 2 2 S 2 S

1 8¢,
=3k fi‘f’mﬁ‘“

where here 1 points out of the free space region. We have taken the region S to be indented just above the
magnetic charge at the origin; thus the Laplace operator vanishes in S. Note that the normal derivative
vanishes on the perfectly conducting surfaces. Thus

1 ™ 9 )
=-ép0/ P d’"‘pd — / R ¢"‘dy+2qm¢m(po)
0

where p is large in the first integral, —z is large in the second integral, and py — O in the final integral.
Required asymptotic forms of the transformation and potential are (in this subsection the energy is computed
for d =0):

Near the origin

5 h
poe’® ~ —(1+ 1/z1) (21 — z1)
gm mpo/h gm/a.
ULl 1
¢m(p0) Tl n(1+1/zi)+ Tl n:1:1

Gm_ mpo/h gm/a ’ _
bm (P0) Wﬂoln(1+1/1’6>+ o Inzg,d=0

For —z large

_%m _m/@
oz Hoh
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ew(z—d)/h—l ~ Ty
Qm ' Qm/a
~ —Tm_, I/ rd—z) /h+1
P - nz; + - {r(d—z)/h+1}

A - —
Om = Inzgy + - {n( x)/h+1},d_0
For p large

¢ dm
-2~ —(1-1/c
3p "WoP( /)

m(z2—d)/h—1—1In(wz/h) ~ 2z

G ~ —%;—0- (1 —1/@)ln(mp/h)

The energy is thus

2 2 2
dm _ 2 Qm/a _ _ ’ am _1_ ;o Wpo/h
w Sy In(mp/h) (1 —1/a)” + oo [(1—=7z/h) Ja—Inzg] + 3 [a Inzg — In (-———

The vertical force per unit length is thus

W ¢, zg% /e gk 1
8h ~ 2ugh

F,=
2 2 2
=g [{(1 —1/a)® - 1} m -3/ (a h)]
The total vertical force is twice this quantity (for both edges) times a length parameter £,

q‘?ney
a?ugh

Fit =20, F, = [(1 = 2¢) /7 + be/h] ~ €ypoKZ [(1 — 2a) h/m + b}

where we have taken —z = b, the total width of the levitation electrodes and K¢ ~ gm/ (apuoh) has been
used. Here we can take the length parameter to be the mean length of the levitation electrodes

£, ~ 21 (a —be/2)

Notice that the first term in the force formula is negative for & > 1/2, and thus reduces the vertical force
(this includes the region of negative stability current). When a < 1/2 the first term adds to the levitation
force.



2.9 Second Magnetic Line Charge

A slightly better representation of a stability electrode can be introduced by placing another magnetic line
charge —gm (1 — 1/a) at £ = b,

dm ' gm/cx am "
W=—=2 - 2™ (1— —
n(zy —2;)+ Inz; + (1-1/a)In(z; — 27)

This line charge thus absorbs all magnetic flux leaving from between the half plane and conducting plane at
a finite distance from the half plane edge. The position of the line charge is taken to map to z] = z} where

T
zi +Inz} + 1+ﬁ (d—b,)=0
We denote by zg the value of z{ when d =0

zg +Inzg = wbs/h— 1
Now for b, =~ 50 pm and h = 20 um we have z§ =~ 5.2044646. To first order in d we have
wd/h
T~ (1 - m)
The field components are found from the derivative
W __ [ =z
dz toh | 21 —
The lateral force per unit length is thus

2 2
qz 1 1-1/a
F,=—-—"m_ - —
2uh (1-&-2:’1 /e 1+zf

1
(1 =+ Zl)

~1/a~(1-1/a) - ilx’{}

2.9.1 small d expansion

now for small d we find

2 2 2 ! "

q 1 1-1/a dm 1 1-1/a T 1-1/a)z

F, o ——m - —1/a— /” - _1/a- /” 0 3._( /)30 wd/h
2u0h \ 1+ 1z 1+ x4 toh \ 1+ 1z 1+zg (1+zh) (1+zf)

2.9.2 lateral stability
The total lateral force in the small d limit is thus

2 _ ! _ "
Fz,otN_zqme,( L ek l/a){ ) (1 l/a):co}ﬂ_d/h

poh \T+zp L+ ) (1 +2h)® A+

Inserting the geometrical parameters gives

2q%.¢ 1 (1-1/a)
tot |, _ZdmT J _____ — _ _
Fy 1ioh { A YT {0.13326 — 0.02179 (1 — 1 /) } wd/h

The previous result ignored the final term in both sets of braces. The zero of the first brace now occurs
at a &~ 1.35074 instead of 1.2785. (The final brace can now be negative for 0 > a > —0.19548 creating an
unstable region.)



2.9.3 stability current density

If we again take the midpoint location = b/2 and y = 0 as an estimate of the stability current density for
(d = 0) with z§ > z;,

K, ~ q—m<———1 —-1/a+z,}~1/a ) 1

" ok 1—2z4/z1s 0/T1s — 1) (14 z1s)
The levitation current density is the same value as before and thus
a a—1 1
K,/Keg~|1— —
/Ke ( 1—-z4/zy, z{{/xls—l) (14 zy4)

where for the previous dimensions 1 — z§/z;, = 0.870954 and z{/z;, — 1 ~ 1.411853. At the stability
threshold a = 1.35074 this gives K,K; ~ —0.80/ (1 4+ z34). At the stability threshold a ~ —0.19548 this
gives K, /Ky~ 2.1/ (1 + z1,).

2.9.4 current density near edge of half plane
The current density near the edge of the half plane in this case (d = 0) is

K, ~ 2m = ,—l/a—l—l/,?
y,o\/27rh€ 1+.’L‘0 1+$0

Thus again for ¢, > 0 and a > 0 the sign of the current near the half plane edge is positive when there is a
restoring force.

This case with the additional line source adds nothing qualitative new to the results even though it better
represents the finite nature of the stability electrode. The next section introduces a better representation of
the current density on the electrodes when the electrode conductors are electrically thin (uniform current
density).

3 EDGE MODEL- UNIFORM DENSITY CURRENT STRIP EX-
CITATION

The stator electrodes that were used in the original experiments on the levitated disc were much thinner than
the skin depth at the excitation frequency A, << § = /2/ (wpy0), where w is the radian frequency of the
applied current and o is the electrical conductivity of the metal. Furthermore the width of the stator elec-
trodes b were much less than the electrical impedance length parameter b << Z,/ (wpo) = 1/ (wpooA,/2).
Under these conditions the current density in the stator electrodes was uniform across the width and thick-
ness. A more accurate model is therefore to treat the stator electrodes as uniform current density strips.
This approach is used in the present section (half plane edge treatment above strips) and in the next section
(three dimensional disc above circular strips).

It is convenient here to consider a half plane along the positive z axis. The mapping uses the transfor-
mation

21‘—‘\/2_

where 0 < arg(z) < 2m and 0 < arg(21) < 7 as shown in Figures 2a and 2b. Because we are considering
electric current excitation instead of magnetic line charges here it is appropriate to take the magnetic scalar
potential (outside of the electric current) to be
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Consider first an electric line current source I at

2= —d—jh
This maps to

2y = \/—d—jh = j\/d+ jh
where the principal branch of the square root —7 < arg(d + jh) < 7 is used in the final form. We can take
the complex potential to be

W=—-—-éI;r-[1n(z1 z1)—In(z — 27°)] = ——-—[ln(«f_ \/_) ln(\/_-\/—)]
=~2i7r [ln(\/Z—j d+jh)—ln(ﬁ+jﬂ)]

where the square roots of d & jh in this expression are taken as the principal branches, but we remember
that 0 < arg(z) < 2m. The logarithms are taken as the principal branch —7 < arg (\/E FijVdEjh) <.

3.1 Strip Current Drive

Now we replace current I by K and integrate with respect to 2’ or d to construct strip current solutions.
Thus we can write

t____/l“-b In —JiVu+3 )—ln(\/_+.7vu —7 )]

K [o+b+in K [a+b—ih

=-—5- ln(\/E—j\/@d‘u,+2—/ ln(\/z-{»-j\/‘l-t)du
T Jd+jh T Jd—jh
K m

=-= In (Vz — ju) du+ — / In (VZ + ju) udu
T J V¥R

=_§/m VI [tn (v — 1) — In (v/Z + ju)] udu

Using the identity
/m (v £ ju) udu = —% (v + ju)? [In(v:hju) - %} +v (v % ju) [In (v £ ju) — 1]
. {—-;- ‘el [ln(v D %} oy i ) 1]}
— (2gal) {,_12 (v F ju) [m O %] —u/z}

we find the strip current complex potential

B-11



W, = —éf— [(ﬁ—j d+b+jh) {% (ﬁ+j\/m_+jfz) [ln (ﬁ-jM) - %] —ﬁ/z}

g
+
<.
SH
+
0"
g,
\/
—N
N -
=
%
Y
+
O‘
Q
=
5
—~

Va+iVaTi=7m) - 3| - var|]
+f[<«z-a- d+jh>{%<«z+jm>[m<f e e
(f+1\/ﬁ){

:
=_?[ (z+d+b+jh){1 (\/E-—j\/&-;-b—-;-jh)—%}—-(\/;-—j d+b+jh)¢2/2
—%(z+d+b-—jh){ (ﬁﬂ\ﬁm —% \/'+3\/ﬁ:b_7)~/'/2}
1
2

( d—jh) [In(\/Z-i—j d—J) ] f/2}]

+§[ (z+d+Jh){ (ﬁ—j d+j - } Vz—j d+jh)x/5/2

—%(z-l—d-—jh) {ln (ﬁ+jﬂ) —%} o (\/£+jM) \/2/2}

or

= % [(z+d+b—jh)ln (\/E-i-j\/d-i-b—jh) —(z+d+b+im)n (VE—j FETEYTY

—j (\/ﬁb+jh+ \/d+b—jh) vz

—(2+d—jh)In (\/Eﬁ-j\/d————ﬁ_t) +(2+d+jh)In (ﬁ—j d+jh) +j (\/d+jh+ Vad—3h) \/E]

3.2 Levitation and Stability Currents

Now we take the stability strip to have uniform current density K, over —b;, —d < £ < —d and y = —jh
(b — bs). The levitation strip has uniform current density K; over —d < z < by —d and y = —jh (b — —bg).
The geometry is shown in Figure 2c. The total complex potential for both stability and levitation currents
is thus (note that for b = —b; < 0 we must reverse the sign of Kj, because the integration limits should have
been reversed since the incremental length along the strip should be positive)

Wiot = [(z+d+b —jh)ln(\/_+]\/d+b - ) (z+d+bs +]h)ln(\/;,—-j d+b,+jh)

—] <\/d+b3+jh+ \/d+bs—jh)\/;«
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—(2+d—jh)In (\/E+j\/d_—77;)+(z+d+jh)ln (\/E-—j d+jh) +j (\/d+jh+ \/d—jh) ﬁ]

2t [(z+d—be— i) in (VE+3V/A=be—h) — (s d—=be+5h) In (VE - Gv/@=be+5)

—j (\/d—be+jh+ \/d—bz—jh) vz

—(z+d—jh)In (\,/E+j\/d——-_j‘h)+(z+d+jh)ln (ﬁ-j d+jh) +j (ﬁ+jh+ \/d—jh) ﬁ]

Using the fact that

we need the quantity dW,:/dz

szaz__i[n(\/‘H\/dH —Jh)+ (z+d+b—jh) 1 (z+d+b,—jh) 1
dz 2w | \Vz—jva+b +3h)  VE+ivdtb,—jh2/z Jz—jV/a+b, —jh2yz

—j (\/d+b +jh+/d+0, —jh) N

VZ+jvd—jih (z4+d—3jh) 1 (z+d+jh) 1 . - 5 1
(f VAT h )_\/E+j\/—d—jh2\/2+f—jmzﬁ“(\/‘””‘“/d"")2—7;]

___[ <\/_+_1\/d be—J )+ (z+d—be—jh) 1  (z+d—be+jh) 1
Vz—jV/d—be+ jh VZz+jVd—be—jh2Vz \Jz—j/d—bi+jh2VZ

. 2 - 1
—=J (\/d—be+.7h+\/3—be—.7h) e

VZ+ivd—7 (z+d—3jh) 1 (z4+d+jh) 1 . . sl
(f JVa+n )'ﬁ+j¢d_—_jh'2ﬁ+\/E—jmz\/z“(ﬁ““‘/d‘”) Wg]

_K, [ln (\/E+j\/d+bs —jh

Com VzZ—jVd+b, +jh

- (VR 1 (Va7 Vi) |

)—j(\/d+b3+jh+ \/d+bs—jh)\/i§
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K[ (Ve+ivi—bi=3R\ . : — 1
=t _ R T T e P
27r[n(\/z—j\/d—be+jh J(\/ e+ ght/d=be— )\/E

—In <%—\/= "Z;;Z) +3 (\/d+jh+\/d—jh) %]

Thus in the limit z — 0

% ~g§ [(\/d+jh+ \/d—jh) - (\/d+bs+jh+\/¢7+b, —jh)] \/iz

_-g—: [(\/d+jh+ \/d—jh) - (\/d—be +jh+ \/d—be—jh)] %

The fields are thus

H, ~ [-—Ks {(\/d+jh+\/d——jh) = (\/d+b,,+jh+ Va+b, —jh)}

+K¢{(\/d+jh+ \/d—jh) - (\/d—bg+jh+ \/d—bl—jh)}] 27r1\/’_)cos(<p/2)~Hp

H~|—K,{(\/d+jh+\/d—jh)— (\/d+b,+jh+\/d+bs—jh)}

2 1
+K, { d+jh++/d— 'h)— d— by +jh++/d—b,— jh } —
{ (v Va=ih) - (Va=beFih+ Vi=b= 38} 5
The stress tensor force per unit length is
o= f [ﬂoﬂ(ﬂ-ﬂ_) - %uonn} dt
c
The contour C is here taken as: the bottom of the half plane ¢ < £ < R and y = —0; a small circle C. of
radius € at the edge of the half plane; the top of the half plane € < z < R and y = +0. The lateral force F;

is again determined all from the tip of the half plane on the contour C. where we take z = pe’® — ce/® and
df = edyp This yields the lateral force per unit length

27
1
F= pof [H,H,, - —2-H2 cosgo] edyp
0
Now using the fact that

27
/ cospdp =0
(]

27 27
/ cos? (p/2) d<p=% {l+cosp}dp=m
0 0

2m 27
. 1
/0 sm2(cp/2)d<p=§ A {l—cosp}dp=m
27

27 ] 1 .
/0 sin (¢/2) cos (¢/2) dp = 5/0 sinpdip =0
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gives

Fy =22 [k, { (V¥ 3R+ Va=3h) - (Va+ 5+ 3k + VT+b,—h) }

+ { (VAT T+ VI=30) - (Va=ber i+ Vi=h= ) |

where the roots are defined via their principal values and the expression is thus real. Figure 2d shows the
total force

F; = &, [F; (d) — Fz (—d)]

derived from this formula for a typical set of parameters where I, = b;K, and I, = byKp/n¢. Notice that
linearity of the result only fails for d = O (h/2). The next two subsections simplify this result.

3.3 Semi-infinite Levitation Electrode

To simplify the force formula a bit further we can take the limit of a wide levitation electrode by — oo, because
in the experiment the three levitation electrodes together were three times the width of the single stability
electrode. Noting that the branches must be taken as —7 < arg (d — by = jh) < 7 or 0 < arg (be — d F jh) <
21 with arg (d — by + jh) = arg (b —d F jh) — 7

Va—bg+jh=—j\/or—d—jh— j\/b
Vd—=by— jh=—j /by — d+jh— —j /b,

Thus in the by — oo limit we have

dWier K, VZ+jVd+b, —jh
—— =—|In : :
dz 2r VZ—=jVd+bs +jh

55 () o e )

or as the edge of the half plane is approached z — 0

thot .Ks .7 d+ bs - Jh o A " 1
~ B iy (2YET0 Z IR N (At b, + R+ Jd+ b, — h)———
= 2W[n(_j E T J(\/+a+.7 +Vd+b, —j 7

+-I—{i§_;{-{ﬁ [ (_’%) +j (Va+ih+ \/d—jh) \/iz]

~ 51; {(Ks—Kg) (\/d+jh+ \/d—jh) - K, (\/3+b,+jh+ \/d+b,—jh)] ']\/?

) —j(\/d+b,+jh+ Vd+b, = jh) —%]

Letting z = pel? gives

thot
dz

~ [(K,, — Ko) (Vad+ih+ \/d—jh) ~ K, (\V/A+b,+jh+/d+b, —jh)]
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1

i [(Ks — K) (\/d+jh+ \/d——jh) - K, (\/d+bs +3jh++/d+d, —-jh)] 57 [sin (¢/2) + 5 cos (¢/2)]
and thus
Hz ~ — [(Ka — Ke) (\/d+a'h+ \/d—jh) = 1% (\/d+b, +jh+\d+b, —jh)] 27ri/ﬁ cos (¢/2)
Hy~— [(Ks - Ky) (\/ii+jh+ \/d—jh) - K, (\/d+ bs + jh+/d +b, —jh)] 2;\/5 sin (¢/2)
H,= —% =—Im (—Z%%) =—Im (ej“"%)
~ = (K, — ko) (Va+ jh+ d=h) = K, (v/d+ b +3h+/d+b, — jh)] Z,fﬁ cos (/2)
and
H = (0, — Ko) (VAF 3+ T=38) = K. (VAT B+ 70+ A8 = 0) | 3
Now
H.H, ~
. [(K, - Ky) (\/d-i-:ih—i- \/d—jh) - K, (\/d+ by + jh + \/d + b, -—jh)]z 47:% cos? (p/2)
H? ~ [(Ka — Ki) (\/d+jh+ \/d—-jh) — K, (Va+b,+ih+/d+b, —jh)]24—7r15;

The force per unit length is thus -

F, = 22 [(K, - Ko) (V@+jh+ VA= jh) - K, (VA+b, +h+ i+, —J‘h)]2

3.3.1 small d expansion

Now expand for small d

(K: - K2) (VA+ 3R+ A= GR) ~ K, (VA+5,F R+ V/a+5, ~ jh)
N(K,_Ke)\/m{(wj) (1+'2§5> e (1_2%)}
{525 B 525
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~ (K, — K¢) V2h — K, (\/b., Fih+ /b, —jh)
+ (K, — Ke)f—K (1/,/b,+jh+1/,/b,—-jh)

N,

Thus we have

o
~ £ [{(K, ~ K)Voh - K, (Vo t a4 o —38) )

Fy ~ [(K — Ko) V2 — K, (Voo +3h+ /b, = 3B) + (K, = _K) % _K, (/3635 +1/+/b,= 37) ‘-2’]2

e

[ ST

+2 {(K, — Ki)V2h - K, (\/b,, ¥ ih+ /by —jh)} {(K, ) -\/% —K, (1/\/1;, +jh+1//b, —jh)

3.3.2 total force and stability
The total force is thus

Ftot @ {(K, —K)V2h - K, (\/b, R+ /b, —jh)}

{(K, — K, \712:5 ~ K, (1/Voa 38 +1//b, = jh) %}

Using the identities

V/bs + jh+ /by — jh =2 (b? +h2)1/4 cos {éarctan (h/b,)} = v214/b, + /b2 + h?

_ Vo Fih+b,—jh
V¥ + h?

1/v/bs + jh +1/+/bs — jh

gives

tot ltoed \/b/h+”1+b2/h2
Ft (K - K- K, \/b /h+\/l+b2/h2) (K K¢ K, 1+ b2/R?

Let us write this as

F::Ot =~ Fy (CII_., + Ie) (0213 + Ig)

where

polzd

Fo= b2
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c1 = /bs/h+ VITE/RE—1>0

\/ba/h+ T+ BE]R2 1
O w7/ S

and where K, = I, /b, and K; = I;/bs, the quantities I, and I are the coil currents.
Now taking h =~ 20 pm, b, = 50 pm, a =~ 250 pm, d =~ 1 pym, and ¢, =~ Ta/2 gives

FP°t =~ (1.2787241, + I,) (—0.15370321, + I) 62.83nN/ A?
Suppose, as in the test, we let I, =~ 0.9A and I, =~ —1.2A

Ffot ~ —43.23nN

a restoring force. Alternatively if we assume that I, =~ 0.9A and I, = 1.2A

Fl°t ~109.45nN
an unstable force.

3.3.3 quadratic equation for stability limits

The force is

Fiot =~ Fo (1l + Ig) (coI, + Ip)

The zeros are

Ig/Ie = K,/Kz ~ —1/01,-—1/62
In the preceding example

I,/1, =~ —0.78203, 6.50605

Thus there is a lateral restoring force for

I,/I; < —0.78203

I;/I; > 6.50605
3.3.4 current density near edge

The current density on the half plane is

K, = H; (z,-0) — H; (z,4+0) = H; (p, = 2m) — H; (p,p = 0)

We use the by — oo result to determine the current density near the edge

|~

K, ~ [(Ks—Kg) (Va+ih+d—jh) - K, (Va+o,+ih+ \/d+b,—-jh)] ~

B
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The current density near the edge when d — 0 is
1
Kz ~ (Ks - K€ - Ka\/bs/h + vV 1 + bg/h2) ;\/ 2h/p

1
~ —(a K, + Kp) ;\/2h/p

Noting that ¢; > 0, if K,/K¢ < —1/c;, this current is positive, otherwise it is negative. Both regions of
stability K,/K; < —0.78203 and K,/K; > 6.50605 lead to repulsion between the edge current and the
stability coil.

3.4 Vertical Force

We now sketch how the vertical force when d — 0 can be found. Here we use the form with b, retained

ot [“(\/—+jg) — i (Ve +ih+ \/b,—jh)_lﬁ
-+ (FER)

27r[ ({‘4-;%)—j-(\/—be+jh+\f—b¢—jh)%
()

The field is

S SR om0
() ]

+-;—{— i [1 (?J’;jjj—;ﬂ;) — 5 (Vb h+ /e -—]h) =
()

Thus

sl

Hz(x,:t0)=—£lm[ln(i\/—+‘7\/bs——> (\/b +gh+f—gh)

2 +/Z — jv/bs + Jh

o (£/E+ 040 VAR j
ln(ﬂ:fﬂl J)\/_>+\/_ e




+—2}%Im [1 (i://__*"j\/____%) j(\/_bz+jh+\/—be—jh)i%/5

e (i\/'+(1+a)\/—> Bt }

£+ (1-4) /A2 =
The sum is
VE +iv/B=3h ~V/Z +v/by —
B at0) 42 o0 =31 [ (VEEG T ) o (2225
N (f+(1+3)x/—) m(—ﬁﬂwm)]
VE (=) VAE) T \SVE =) VA2
+_I [ (\/—+Jm—]—)+l ( \/5+j\/—be—jh>
Ve —ix/ b+ ih V& — Vb + ih
~In <f+(1+3)\/7) 1n<~‘/5+(1+j)\/h/_2)J
VE+(L—4)V/h/2 —VE+(1- 1) Vh/2

SI 1 z+b, — jh In z—jh
o "M \ZTF b, + R Z+jh
K, z—be—jh T —jh
=t ~1
+27r1m[1n(x—bg+jh) “(z+jh
K, h
= [arctan (:z: i b,) — arctan (h/ :c)]

T
K, h
— [arctan (:z: — be) — arctan (h/:z:)]

and the difference is

\/_+J\/773—:.7—> ln(—\/i+j\/5s——7'ﬁ)
\/— Jm _\/E"'j\/bs+jh
—i (VaF i+ VB =) o

_ln<ﬁ+(1+j)\/ﬁ7§> +1n( \/_+(1+J)\/’—Z/—)+\/—‘J2]

H, (z,40) — H, (z,~0) = -% It [1 (

vz +(1-35) vVh/2 ~VZ +(1-35) Vh/2
VZ+jV=be—jh —VZ+ivV=be—jh) _. = ) 2
rarim [ (ZEEER) e (S ES) (VAT
T (\/—+(1+J)\/’7>+1 ( \/'+(1+J)\/_> \/—12]
vz + (1= 1) Vh/2 vz +(1=35) Vh/2
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=Kl [ E+3VE —GR) (VE+iVE+GR) | : — 2
N [1 ((ﬁ—j\/_b,—jh)(\/i—j bs+jh)—’(‘/b’+’h+‘/b’"’h)\/i

1<\/‘+(1+J)\/_)+ (f (1+g)\/_) ‘/—32]

vz +(1-3)/h/2 z—(1-3) Vh/2
Koy VT + jvV=be o (YE=IV=be =] e
+gem [ (R ) i (VSR -3 (VR T VR o
1(f+(1+a)¢—)+1 <\/‘ (1+J)\/_) J—Jz}
VZ+(1-4)/h/2 VZ = (1-35) /R/2

Near the edge the y directed field is
thot
H,=—Re| —=
= -ne ()

~— [ , {\/27;— (\/b, ¥ ih+ /b, —jh)}-—Kg{\/Z_h-— (\/——bg TR+ \/—bg—jh)}] QWI\/ﬁsin (0/2)

and the p directed field is

H,=~Im (e"" dzf;“)
= [ { VR~ (VBT h + Vo= B) ~ K (VB ~ (VB 0+ /o= 38) ] g eos (02

From the stress tensor the vertical force per unit length can be written as

27 oo
Fy=po | H, H,pdo + 5o /0 {H. (z,+0) — Ha (z,~0)} {H, (z,+0) + H, (z,~0)} da
= %/J'O ‘/000 {Hz (:L', +O) - H; (.’1:, _0)} {Hz‘ (x’+0) + H; (z> —O)}dx

where the edge contribution vanishes. It appears that this integral must be evaluated numerically. The total
vertical force is thus

F}* ~2(,F,



4 COIL DRIVE FIELD

Here it is convenient to use the magnetic vector potential for the source field. The magnetic vector potential
is found from

L) o

i

A(r) =

where r is the position vector and the volume V contains the current density J. The vector potential of a
symmetric loop of current has only an azimuthal component ¢. The magnetic vector potential produced by
the exciting current loop of radius b, with azimuthal current I, is

; ﬂoI 2
Ay () =42 2k (5 - 1) K9 - ZE®)
where K (k) = "/ 2d6//1 - k?sin%0 and E (k)= f, /2 39\/1 — k?sin® § are the complete elliptic integrals

and
2+/pb

/(b +p)* + 22

; & (=)™ 2n — ) et
A, (1,0) = pol Z 272 (n+ 1)! r§n+2

n=0

k=

The spherical coordinate expansion is

P21n+1 (COS 0)

where < = min (r,b) and 7> = max (r,b). The cylindrical form is

A, (p,z) = —,uOIb/QJl (ap) J; (ab) e~ **lda
The corresponding fields are

B=pH=VxA

Hi= SFZ:"/_ [ 2K (k) + <2+ )E(k)]
Hi= -&;—jb_pk [-21{ (k) + {(1 +b/p) + ki,z (1- b/p)} E(k)}
where

K=+v1-k2

and the superscript 7 denotes the incident or exciting field.
The exciting fields from this single coil loop are later integrated with respect to the radius b to generate
circular strip stator electrodes with uniform current density in cross section.
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5 OBLATE SPHEROID PEC DISC SOLUTION

Using the oblate spheroidal coordinate system we can find a scattered potential from the induced disc currents
which satisfies

Vi, =0
and the field is found as

The coordinate system is centered now on the disc with the electric current loop excitation displaced as
shown in Figure 3a. The boundary condition on the disc surface is

L 9y,
al¢l o¢

The solution to Laplace’s equation is

HC(Oyg’(P)Sgn(f)z" (0,§,go)sgn(§)=—H;,—1<§< 1’ —-T<e<T

Sm =2 D [AmaP7 (€) + BmaQ ()] [Crmn P (5C) + Denn Q7 (1)) [Emn €08 (m4p) + Fin sin (mep)]

Finiteness on the £ = 1 (2 axis) makes B,,, = 0. Decay at infinity requires C,,,, = 0. Finally, we can assume
that movement of the exciting current loop relative to the perfectly conducting disc is restricted to the z
axis, so that the problem is even in ¢ and Fy,, = 0. Thus we obtain

Sm =2 D AmaPT (€) Q7 (5¢) cos (mep)

n=0 m=0

where the fact that P* (£) = 0 for m > n has been used.
The incident field can be transformed to the oblate spheroidal system by using the relations

x=a4/1+(2\/1—£2cos<p
y=a\/1+C2\/-1_:_§—25in80
p=ay/1+¢*/1-¢

z=agf
We take the incident field to be

H = Sw_\;b?k [-21( (k) + {(1 +b/p) + ki,z (1- b/jo‘)} E (k)]

p=1(+d)’+y2= V2 +d®+2dpcosp

zZ=z+h
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k=—-——2—————-— Vpb,k’=,/1_k2
\/(0+7p)%+22

where the original coordinate system of the current loop has been shifted by d along the z axis and by h
along the z axis.
Using the orthogonality relations

(n+m)!

6nn'
n+3) (n—m)!

/_1P:."(5) 7 =7

4 , 2m
/ cos (mp) cos (m'p) dp = €—5mm'

-7

in the boundary condition we find

1 (n+m)!
a" " (n+1) (n—m)!

1 74
iQr (j0) 2Z = - H: (€,0,2 = 0) P™ (€) £dE cos (myp) dep
Em -

1J-=m

where

HE (€,0,2=0) = -é%ék [—2K(k) + {(1 +5/p) + 73 (1— b/’ﬁ)} E(k)]

P=1/a? (1—52)+d2+2da\/1-—§2cos<p

ke 2B o IR
\ (6+75)% +h?

Because the exciting field is even in £ at { = 0, only the terms m + n odd contribute. This makes the
scattered potential odd in £. The evenness of the exciting field in ¢ allows us to write

_&(n-—m)! @rn+1) [ _
A = R S | A Hi (€,0,2 = 0) P (€) £d€ cos (mup) dip

Thus the boundary value problem has been solved in terms of these quadratures for the coefficients.

5.1 Zero Displacement Symmetric Result

The limit of zero displacement d = 0 results in the symmetric exciting field

87:;6_51: [—2K (k) + {(1 +b/p) + % (1-— b/p)} E(k)]

p=ay/1-¢°
kz_%_ﬁi__ k’: ‘/1_k2

\/(b+p)° +h? ’
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All modal coefficients with m 7 O vanish. Thus

=Y AnPa(£)Qn (5¢)

n,odd

(2’n+1

an=o 2 [ a2 =0 P @ 6t

5.1.1 symmetric and far apart
The far limit A >> a we use
; 2 )2
H, ~ —/3/2
(8% + h?)

(2n+ 1)
*3Qr (30)
_ aH} 5
IEAC .

bm = H;0£Q1 (§€) / Q1 (§O)]

An= FfP@m

Q1 (5¢) = Carccot { — 1
3Q1 (40) = 7/2

b, = H;-zag (Carccot ¢ — 1)

Now for { =0
i2 i2 fmT g >
¢mz—Hz_a‘§=:FHz— a®—p°, & 0
™ ™ <
or
0P, _ ;2 p
P__ap + zﬂ. 02—p2
K, =+H,=—H}- 2P
a? — p?

The case of zero displacement does not lead to net lateral forces. Thus we later consider small displacements.



5.2 Forces

The forces acting on the disc can be found from evaluating the integral

F= / J X BdV
V .
where we can take the volume V' to be the disc and the magnetic field B to be that resulting from the source

current loops only. This ignores the self interaction of the disc currents, which is not important for rigid
bodies. We can rewrite this as

::pofgxl_lid5=—uof(ng¢m)x}_ﬁds
s s

—_ IEl _ 2d \V/ 0 1

' V1—€ 8¢
I 2 Vi-§ 09y, _ )
= —poa /_llﬁldf _”dso[scxze o o =069 tecx \/1____7690 (= og@]xH
V1-£°0 1 F;)
="'“°a/ AL [ e o A € =060 te—r—g e 2o (C=0,§,so)]

x (Hieo + Heee + He,)

& i\ V1—=&°0¢, & g 1 0.,
= ~foa / l€lag [ d<P {(Hcée ~Heee) o + (Hie, — Hoet) —— q—_—ggg‘p—]

where H‘ is odd in £ and even in ¢, Hi is odd in £ and even in ¢, and Hi is even in £ but odd in p at ( = 0.
Also @g‘ is even in £ and even in @, and a—;‘g‘ is odd in £ and odd in ¢ at ( =0. In addition g, is odd in &,
€ isodd in &, and g, is even in § at ( = 0. Thus we can write

1 ™ . . Q / 7 £49¢ . . 1 o¢
F=-2 a2/ §d§/ dy | (He, — Hie —= + (Hze, —H,e;) ——=—F—
Ho®™ J. . (Heee — Hee) o€ + (Hee, — Hog) /1€ o
Now the unit vectors can be replaced first with cylindrical then with Cartesian quantities (see the appendix)

! 7 i i V1 6d> i 1 O¢m
E = —2upa® fo 3 /_ e [(—H49p°H59z) et (g~ Hots) =5 ]

= —2pya2 / §d§/ d(p[ —Hle +H;_z) Taqs ( <p-z) \/il‘:—fagﬁ(pJ

_2,10/ pdp/_1r dcp[ (Hie, — Hze,) ("%‘) + (Hze, — Hee:) ( ;a;:o >}
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= 2;10/(; pdpf dy [(Hie, — Hje,) H, + (Hie, — Hie,) Hy)
-7

a us
= 2;;0/ pdp/ do [{H; (g,coscp-&—gysin(p) —He,} H, + {H, (—gzsimp—{-_e_ycosgp) = H;gz} H,]
0 -
Because H is even in ¢, H;; is even and ¢, H), is even in ¢, H;, is odd in ¢, and H,, is odd in ¢, we find

F =4y, _/0 pdp /0 d [(Hze, cosp — Hye,) Hy + (—Hie, sinp — Hye,) H,)

or
a us . .
F_.,=4;10/0 pdpA de (HyH,cosp — H;H, sin p)
1 m . .
=--4,u0a2/ fd{/ d (H,Hg cos p + H,H,, sin )
0 0
F, = —4p, A pdp /0 do (H,H, + H,H,)

1 2
= —4pqa’ /0 £d¢ fo de (HiH¢ + H,H,)

where the fields H, and H,, are the disc current induced fields evaluated on top of the disc. They are found
from the potential

S = > Amn P (§) QT (¢) cos (mep) , m +n odd

n=0m=0
or

oo n 1
He= —Zo Z_{)Amng 1 - £2P (€) Q7 (j0) cos (myp)

where identities for the derivative are

V1= €Pr = PP O+ —EgmPr

§ o Pre) - —L
= P™(€) m( +m) P72, (€)

= —(n=m+ 1) (n+m) PP (€) - —=smP ()

ig

(n=—m4+1) P, (€)

3 §
= — n+1)P7 (§) +

\/1—52( 1-¢
and

oo n

H="3 Amﬁp,:" (6) Q7 (70) msin (my)

n=0m=0 -
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5.3 Torques

Now we consider the torques on the disc. Because of symmetry the torque of interest is 7,. This can be
found as

z=/z><(l><_13)dV
A%

ry= [l x (K x B e, dedy
=/S“[(§:'B—)K--(sz-K)_B]-gydxdy
=/Sm[(§=-_13) (K-e,) — (e, - K) (B -e,)] dady
= /S z(B.K, — K.B,) dzdy

a
Ty=/"/ pcosp (B, cosp — Bysinp) (K, sing + K, cos )
-n JO

— (K cosp — K, sing) (B, sing + By, cos p)] pdpdp
- / /0 peosg (B,K, — B,K,) pdpdip
-7

Q
=9 /0" /0 peosp(B,K, — B,K,) pdpdip

where we have used the fact that B, and K, are even in ¢ and the fact that B, and K|, are odd in ¢. Using
the symmetry from top to bottom of the disc we can write (where the integration is now only on the top of

the disc)
Ty = 4/10/0 /0 (H;Hp +H:,H‘P) p2dpcos pdyp

Now transforming to spheroidal coordinates gives

T 1
Ty = 4pga® /0 /0 (HiH¢ + HLH,) \/1 — £%€d€ cos pdep



5.4 Expansion of Incident Field

The case where d is small but nonzero is now discussed. First the exciting or incident field must be expanded
for small d. We write the incident field as

H;. (zwy1 z) = H;. (ﬁ,f)

H; (p,7) =

SW—I\/ﬁk[_zx(k)+{(1+b/p)+ (1- b/ﬁ)}E(k)]

p= \/(z+d)2+y2 = \/p? + d% +2dpcos ¢

Z=2z+h

k=____2_\/prb__’k/=,/1_k2

V(+7) +22

Now we write

:z+d

H (os) ~ B 09+ 25 (0,9 L 1 p,5) + I (09 222

i, OHL
~Hz(p’z)+ 6‘3 (p,fi)dcos<p

Thus to evaluate the derivative we write

LG P (#-7)+2
b 2 2b T2 | (b+p)°+22

K' (k)= kki’? (E-k?K)

(k) =1 (E-K)

oH:  -I 2 1. .o 2kOk .
P 871' /— ['_b/p2 + 7672-b/p2 k/4 a" (1 b/ ] E(k)
-1 ~ 1 ~ 54 Ok
+87r\/55 [—21{ (k) + {(1 +b/p) + o) (1- b/p)} E’(k)] (——k/ aﬁ)

=4 ' '
+87r\/z$ [ 2K (k)+{(1+b/p)+k,2 (1—b/p)}E(k)

- o o (52) ) -]

}6k
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e \/_[ 2K+{(1+b/P)+k,2(1 b/p)} ]‘W(bﬂ,)

87“;_ [ k,k’2(E k”K)+{(1+b/p)+ —(1- b/p)} (E- K)}Z—;p{l—-(b;)p)ﬁ}

5.5 Lateral Force for Small Displacement Approximation

The lateral force in the case where d is small is now treated. Taking the limit of the previous expression

a U
F,= 4;10/0 pdpA dp (H;Hpcosw — H:H,sin (p)
l . .
= _4%02./0- gdg/: di (H,He cosp + H} H,, sin )
1 ” . . .
~ —4,u0a2d]0 §d{/o dy [(H;OHQ + H}, Ho) cos® ¢ + HiyH, sin’ ©]

1
~ -—27rp,0a2d/0 133 [H;O (Ha +H‘p1) =+ H;1H€0]

where
HL (3,1) ~ HE (p.) + 2% (p, ) deosg
or
H; (5’ Y,z = 0) ~ H:O (5) als H:I (5) dCOS(p
~ Y AnPa(€)Qn (i) +cosp Y A1nPh(€) QA (5¢)
n,odd n,even
Hn =Y Anme1=€PLO Qn(i0)—cosp 3 Ainey/1= € B (©Q4(0)
n,odd n,even
. ;o;dA P2 (£) @n (0) cos¢n§n e [n (n+1) Pa (€) + \/1—5_—551’; (&)] QL (40)
~ Heo (§) + He (€) dcos

1

H,~sing 3 AmWP}, (€) Qr. (50)

n,even

»1(§) dsing
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_3a/m
tn= ST [ [ B (6 02 = 0) P @)t

~3.5§"sz /0 Hio () Pa (€) £d€

2a 2n+1) ! ; B
Awn = w(n+1)n jQ% (50) Jo /:HZ(E"P""—O)P;(E)gdgCO&Pd‘P

__ad (2n+1) L X
e R aaE G Jy PO R O

Thus we find

oo

1
P 2mpon 3 n(n+1) 41nQh (00) [ HE (o) Pr )

n,even

~2rhoad 3~ 4nQ 0) [ T ) P (€)

n,odd

@z, (50)
JQY (50)

~ 2mpgad E n(n+1) A,

n,even

/ H: (p, k) Pa (€) d€

—2mpgad An
ﬂgd:d " 3@ (30) Jo

where the “hat” coefficients are the values given by the code (normalized values). The ratio of Legendre
functions can be found from

JQ7' (50) _ Qr1 (j0) _ I (252)T (1 + 25™)
or o) = M (o me ) Sy =~ () (Mt ) o ey T (e

5.6 Vertical Force for Small Displacement Approximation

Now consider the vertical force. The result is

a us

F, = —4y, /0 pdp /0 dy (H,H, + H,H,)
1 L . )

= —4pya? /0 £d¢ /0 do (H¢H; + H,H,)

1
~—4/.toa27r/ §d€H o Heo
0

where
Hiy = —H: (p,8) = —H} (a\/l _ {2,h)
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Hg= Y AazP2(6)Qn (0)
n,odd

Thus

oo 1
Fe~ tpoom 3 4,0, (i0) [ H; (p.1) P ()

n,odd

=~ n (70 ! 1
~tpoor S A BT [ m P ©a

n,odd

where again the “hat” coefficients are normalized.

5.7 Torque for Small Displacement Approximation

Taking the limit of small d in the previous expression gives

1
Ty = dpga’ /:/(; (HgHe - H;H¢) 1 — £2£d€ cos pdp

1
~ 4pga? f / {(Héo + Héldcoscp) (Heo + Herdcos ) + H;ldsin pH,1dsin <p} 1 — £2¢de cos pdyp
o Jo
1 . .
~ 4[100,2(1[ /0 (HéoHEI + Hfngl) 1- 52§d§COS2 pdp

1
~ 2mpga?d /0 (HioHe + HeoHiy ) /1 - £2€d€

where
. _ OH, __8H,
Hfl_ ap (p’E)_ ap (p:h)

Ha=- Y Amﬁ [n (n+1) Py () + —1—\/%531 (&)} Qn (J0)

n,even

5.8 Strip Coil Excitation and Results

The above equations for small displacement d have been implemented in computer program. The exciting
fields (and their derivatives with respect to d) have been integrated with respect to the loop diameter b to
generate uniform current density circular strips. The levitation strip extends from a radius bg m;, to a radius
bemax and has azimuthal current density Ky = Izne/ (bemax — be min), Where Iy is the levitation current per
turn and this coil is considered to consist of ng turns. The stability strip extends from a radius b, min tO
a radius bsmax and has azimuthal current density K, = I,/ (bs max — bsmin) , Where I is the stability coil
current.

The disc of radius a is a distance h above the coils and is displaced a small distance d from the coil center
along the z axis. The parameters taken in this example are a =~ 250 pm, bgmin = 100 pm, bg max = 250 pm,
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g = 3, Dymin = 250 pm, by max =~ 300 pm, h =~ 20 um. These choices correspond to a set of experimental
apparatus that was constructed several years ago. Figure 3b shows a micrograph of the stator coils in
this device. The outer coil was the stability coil. The next three coils inward were driven in series as the
levitation coil (the inner circular strip was not used). The disc radius was the same as the small gap between
the levitation and stability coils. A stable selection of currents used in the experiment were I, ~ —1.2 A
rms and Iy = 0.9 A rms at f = 10 MHz.

The lateral force results from the disc can be written in terms of the two currents as (here we have
arbitrarily set d =1 pum)

F, = AI? + BI,I, + CI}

Three calculations thus determine the coefficients. If I, = 0, I; = 0.9 A we find

F, =~ 1.476806 x 108 N

C = 1.823216 x 10~8 N/A?
If I, =-12 A, I, = 0 we find that

F, ~ —3.9276033 x 10"° N

A=—2.72750 x 107° N/A?
IfI,=-12A, I, =09 A we find

F, ~ —7.0259085 x 1078 N

B = 17.509217 x 10~8 N/A®
We then have the quadratic equation for zero force with z = I, /I,

0=Az?+Bz+C

The solutions are

B ++vB*—-4AC
24

The fact that there is both a positive and negative solution is similar to the half plane model above (although
the values are a little different). Figure 3c shows a plot of the disc lateral force (dotted curve). The half
plane result that was illustrated in Figure 2d is also shown (solid curve). The simplified half plane result
(small d and large bg) is also shown (dash-dot curve). Restoring force is indicated by negative values. Notice
that the half plane analysis is fairly accurate in the region of reasonably sized currents.

Figure 3d shows the vertical disc force as a function of stability current for this example. Figure 3e shows
the total azimuthal current density on the disc as a function of radius for various stability current levels.
Notice that for I, < —0.2 the current density at the edge p = a is positive (the same sign as the levitation
current below the disc). The change in sign of the edge current occurs at I, = —0.19 A. The change in sign
of lateral force on the disc occurs in Figure 3c at I, = —0.21 A. These values are very nearly the same as in
the half plane analysis.

c=1I[I = —

& 27.77216,—0.240693



5.9 Forces for Simplified Loop Geometries

This section simplifies the oblate spheroidal solution further by considering the case where a single loop
stator coil and the disc are far apart in 2. This gives a dipole field excitation of the disc that is unstable.
Finally the case where the the single loop stator is much larger in diameter than the disc is considered that
is stable. Both treatments assume that d is small.

5.9.1 small displacement large distance apart

To simplify the problem further and develop some insight with regard to the stability issue, we will take the
coil and disc to be far apart, such that the modal series in 7 can be approximated as well as approximating
the incident field. It is convenient to start from the spherical loop expansion in this limit to approximate
the incident field for b << h.

et n+1 2n+1
. (=1)™* (2n — 1)t br
ASO (7', 0) = “OIZ 2ﬂ+2 (n + 1)! r§;+2 P‘.’ln+1 (m o)

n=0

I b2 Ib
~ =B = P} (cos 0)+”;’4,4P3(c os 6)

2

~ -#7(;£i—2sin9 [1 -29—2- (55111 60— 4)]

where

Pl =—y1-¢
PLO=—y1- (8 -1) = —6y/1-2+ 2 (1-8)"

The first term is the dipole term

or

where the dipole moment is

m = Irbe,
We can also find the field of the dipole via the scalar potential

m-r

Pm = 473

or
id _ mz
4m (22 +y2 + 22)
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6¢:g _m (2z2 S — y2)
9z 4m(z?+y2+22)°/?

HYf =
If 2%+y® = p? = O then H:* = m/ (272%). The exact field on the axis of a loop is H = (Ib2/2) / (b2 + 22)*/.
Let ustake z=handz —z+d

i ™ [2h2 —(z+d)? - y2]
id

2 5/2
4 [(:z: +d) +y2+ h2]

Now let us take d small, z = pcos ¢, and y = psingp

«a _ m[2h% —2pdcosp — p?] m (2h% — p?) mp 2h% — p?
H' = 25/2 2 L 12\5/2 21572 21 K2 dcos
47 [2pd cos p + p? + h?] 4w (p* + h?) 4m (p? + h?) p

Thus setting p = ay/1 — £° gives

HZ* ~ H5 (§) + Hyi (§) deosy

m {2h? —a? (1 -€%)}
ar {h2 + a2 (1- €2}

id oy may/1—§ (2h? —a? (1-£%)
Hzl (5)— P {h2+a2 (1_62)}5/2 {2+u h2+a2 (1—52)

The approximation of the series in 7 also requires & >> a so that the dipole incident field remains smooth
over the disc radius. Thus we might further simplify to

HQG (€)=

id M
20" orh3

i 3ma
HZ(€) ~——z1-¢

The dipole field force is

1
F? ~ —27pga®d / £dS [Hi§ (Her + Hpy) + HS Heo)
()
" where now we can take only the first two terms of the modal expansion

Hs"'—Axé 1— €2P/ (§) Qs (jO)-cos(pAué- 1— £2P}' (€) Q} (jO)

~ A%lzpll (&) Q1 (40) — cos CPAlzi [5132 &+ \/l—gz—ggpzl (f)] Q3 (50)

af

~ Heo (§) + Hgx (§) deosp
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The Legendre functions are

1
Hy, ~sin ‘PA12a—\/T—_-_-'=§—-2-P21 (6) Q2 (40)
~ Hy1 (€) dsingp

Al Qr (jO) / H;O (5) Pl (E) fdf

5/6

Az ~ 071 00)

/ H:, (€) P} (6) €d

P (&) =
Py (€)= 5 (36 - 1)
P () =—y1-¢

P} (§) =-3¢\/1-¢€*

JQR’ (10) Qe (o) _
Q;"(jO) =(m+n)(n— m+1)—§;—(—6)—_—(m+n)(n—m+l)

JjQ1(0) _ =

Q1 (50) 2
JQY (0) _ 3n

Q3 (50) 4

Using these we find
id
AT QI (JO)/ HzO (g)f d§

a2 [t @1 -

Heo (§) = —AIE 1 - £2Q: (50)

Hg (§)d= "‘Alzi

ot (26 - 1) Q3 (40)

Hot (§)d = A=} (0)
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or upon inserting the coefficients

mw~*¢hﬁ/ (€)%t
1
Hs1(€)~—;1,% (262 -1) /0 Hi(8) /1 - £%€%d¢

H¢1(£)~———/ i () /1 - €262t

Now inserting the approximated dipole fields gives

1
Heo (€) ~ 2h3£\/1—€2

4ma 1

Hgy (§) ~ RS E (262 -1)

H‘Pl (5) 2h5£

Inserting these and the approximated dipole fields into the force gives
Ho ™~ 5ora

3ma

2
T VLI—¢

HZ(€) ~
The dipole field force is

1
F? ~ —2mpqa®d L‘ £d¢ [H;g {Ha+ Hp b + H;“l‘Hgo]

2m*a

~ —pod ths/d£2{(252 D) +€}-3(1-¢")]

~ ﬁ;/M@—m

2m2a
~ —pol—5—5~ T2hE (3 5)
4m
This case appears to be unstable since the coil is centered at £ = —d and the force is in the positive z

direction. We really need to also look at the torque 7, to see if the movement is accompanied by any tilt
that might in turn change the force. But first we calculate the vertical force.

1
Fé ~ —4p0a27r/0 £dEH 3 Heo




id _ mz
™ am (02 + 22)%°

Hid — _3¢ig = 3mpz
/2 ) o 2\5/2
P A (p? +22)

Setting z = h and p = ay/1 — £ gives

Héd — 3mha+/1— 52
dr {a? (1 - %) + h2)*?

Expanding for large h

3 3ma
td bl _ 2
H; e 1-¢&

Inserting into the force formula gives
F’d 3m a
~ P57 T2hT d€ (1 -¢ )

2m2a3
~ Ho a7
5.9.2 small displacement large exciting loop
Next we take the limit that b >> h. The magnetic field from the loop in this limit is

; R = OO Vil T VLN e
A<P (7‘,0) - I"OI Z on+2 (n a5 1)] r§n+2 P2n+1 (COS 0)

n=0

[cd n+1 2n+1
(—1)™ (2n— 1t r2n+1
= /‘012 ontZ(n+ 1)1 b2l Pan41 (cosb)
0

,u,OI——sm0 ;J,OI32b3 sinf (5cos® 6 — 1)

or

The field for large b is

Hib_ :: 1Aib Il 3 22 2
otz ap T o0 2b 1_4b2(z_p)
b

b __ @
poHp = ——~ T

Now we displace p to p (in the unit vector as well).

€, = €,C08p + ¢, sinp
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The final term resulting from H H is larger in magnitude than the first terms resulting from H2j (He1 + Hya).
Thus the final term is the term responsible for flipping the sign of the force to a negative quantity. The total
result is

502 22

If the first term is dominant, then the force is negative and stability is indicated. Perhaps it is 8H:/8p > 0
that is required as in the case of the loop.
Now the axial force is

3 2 2
o ~-p012%zd [1+ 20 _3h ]

1
F? ~ —4pga®n /0 gdgHgngo

20'_3 __i 2_ .2
~ 2ol |1 2b2(h a?/5)

If the first term is dominant, then the force is positive and levitation is possible.

5.10 Torques for Simplified Loop Geometries

This section looks at the corresponding torque for the two simplified geometries of large z spacing and large
loop diameter. Again both treatments assume that d is small.

5.10.1 small displacement large distance apart
Now we take in addition that h is large

1
TS ~ 27rp0a2d/0 (Hi3He + HeoHJY) /1 — £°€d€

where

1
Heo (§) ~ ;:;n;lgz\/ 1-¢*

dma l ,_ o
HEI (5) ~ 7T2h52 (25 - 1)

The dipole potential is

id _ mz

T 4 (22 42+ 22)Y/2
Takingz — z +d

¢id — mz mz
= ~ _ -
T oar{Erap ey e} An+desp+ Y
id
Hi=Fa.. _Tmptoons . e {l+ (1 === 2) d°°S‘P}
9p 47 {p% + 2pdcosp + 22} 47 (p? + 22) p pPP+z .
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id _ mz

™ 4r (»® + 22)3/2

Hid = _3¢‘: — 3mpz
P 15) 2 4 L2
P 4 (p? +22)

5/2

Setting z = h and p = a/1 — £ gives

rid 3mhay/1— €2

T w2 (1-8) )

Expanding for large h
3ma

Inserting into the force formula gives

T2h7

2
~ Ho w2h7

3ma/d€1_2)
m?

5.9.2 small displacement large exciting loop
Next we take the limit that b >> h. The magnetic field from the loop in this limit is

oo n+l 2n+1
. B (—=1)™* (2n — 1)1 br2

A‘P (7'7 0) - ﬂOI Z on+2 (n ¥ 1)| r2n+2
n=0 >

T . (-1 (2n — 1)1 p2n+1

=to Z——;) on+2 (n + 1)! p2n+1

3rs 2
~p01 5 sinf — p0I32b3s1n9(5cos 6-1)

Pjnt1 (cos6)

Pi’ln-{»-l (COS 0)

or
b __
A %I4b ”°I32b3 (422 - p?)

The field for large b is

w_ 04 1 gib 1
14
b __ L2
poH, = g I—4b32

Now we displace p to 5 (in the unit vector as well).

€, =€, cosp +e,sing
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& =¢€;cosp+g, siny

or
d . d d
€5 ~ €,CO8 1—?:1: +e,sinp 1—;5-2 +gx;
e —q+e (1 gcosgo) e,—¢ ésimp
Fp p T

e, =g,cosp —g,sing

. d
=V(z+d)2+y2=f’(1+;c°s¢)

Thus setting z = h gives

3 1 3
HP ~ 153 [ -3 (2h2 —’ﬁ"’)] ~Is [1 — o3 (2h% = p* - 2dpcos<p)]

~ H2 + H%dcosp

or
w 1 3 I
H~ o [1—255 (2h2—p2)] = [1-&)—2{2}»2 2(1—52)}]
Hoi ~ T g = Iggay/1

3hp 3h
H’b e Im(p-!»dcoscp)NH H 1dcos

4b3
3~ Igtay/1— € ~ —H
H I gy~ ~H
Hi,b —Ifﬁgh sin ~ —I%hsuupva'ldsxmp
B~ T



Because of the smoothness of the exciting field at the disc we can approximate the field with only a few

terms. The force is again

1
F® ~ —2mpga?d /0 £dg [H (He1 + Hyr) + HE Heo)

where
Heo (O~ 7e\/1-€ [ " (6) g
N%%\/:Z;/Ol [1——{2h2—a2(1—£ )}]
- % [1 - 2—25 (h? - a2/5)] %ﬁ
He () ~~20 (27~ 1) [ 8 ()11~ €etae
151%1 / (1-¢€%) €%dg

—I"ggg(f -1)

Ho (£>~——/ HE (€)1 - €262

—I—
11'b3f

Inserting into the force formula gives

1
F?~ -—27rp0a2d/0 £dg [H;’(’) (Her + Hypy) + H;IiHEO]

ot [ o [(1- 5 2 - (1= €}) (- (-2 + @) - § {1- 3

(2 -/9)} (1- )

N,loﬁaad/oldg [_ (1_ Z—Z’—z{2h2—a2 (1—52)}) (1-3¢2) —2{1-% (h® —a2/5)} (1—52)]

a® [ 202 3_77,2}



The final term resulting from H33 Hgo is larger in magnitude than the first terms resulting from H:3 (He1 + Hypy ).
Thus the final term is the term responsible for flipping the sign of the force to a negative quantity. The total
result is

s a]y 298]
z b4

562 202

If the first term is dominant, then the force is negative and stability is indicated. Perhaps it is 0H:/9p > 0
that is required as in the case of the loop.
Now the axial force is

1
F? ~ —4pga’n /0 §dEH G Heo

20, [ 3 o o
~2uoI b4h 1 52 (r® — a?/5)

If the first term is dominant, then the force is positive and levitation is possible.

5.10 Torques for Simplified Loop Geometries

This section looks at the corresponding torque for the two simplified geometries of large z spacing and large
loop diameter. Again both treatments assume that d is small.

5.10.1 small displacement large distance apart
Now we take in addition that A is large

1
73 ~ 2mpga’d /0 (Hi§Her + HeoHS) /1 — £2¢dg

where

1
Heo (§) ~ 35z V1 - €

4ma 1
Hey (§) ~ e g (267 = 1)

The dipole potential is

id _ mz
= 47 (22 +y2 + 22)%/2
Takingz -z +d
¥ = — 32~ ' o 3/2
47"{(:c+d)2+y2+z2} 4m {p? + 2pd cos p + 2}
H;d — _8§i,‘f N 3mz (p + dcosp) e 3mzp - {1+ <l 3 _25L§) dcos<p}
P 4m{p? +2pdcosp + 22} 47 (p? + 22) p pP+z R
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Now setting 2 = h

: 3mhp 1 5p
R {1 + (— - —-——) dcos<p}
P 4m(p? +h2)%/? p P*+h?
Transforming to spheroidal coordinates
B 3mhay/1— €2 [1 N { 1 say/1-¢ }dcow]

Can{wita (1-¢2))

Thus for large h
_ 3mha+/1 —EE _3ma ~
ar{n?+a?(1-¢2)}¥*  4mht
Hi,{ - _ 3mha+/1 — 3 1 _ 5ay/1—-¢ o 3m
T o amra(1-g) lavi-g @(1-8)+n drht
Inserting into the torque formula yields
3m2a? 11 o2 1
Ty~ =20 g d /0 [—;;2 (1-2%) + 74] (1-€%)ag

5 2m2a? 3 a? N 1 m2a?
o w2h7 5h? 4 o w2hRT

Hi = ¢

d

Thus the contribution from HgoH}, is dominant for large k.

5.10.2 small displacement large exciting loop
Now we take in addition that b is large

1
8 ~ 2mpga’d /0 (HigHer + HeoHY) /1 — £%¢d¢

The field coefficients are
g 3h
b 2
Hgo ~ —-Izéga\/ 1-¢

; 3h
b e
Hel ~—Tgs

Hgo (§) ~ ;15 [1— 5?;5 (h2—a2/5)] %\/1-52

1
Hei (6) ~ ~T 57 (268 1)

Thus

3ha® ' a? 3 )
7h ~ ol d/o [—-:7(1—252) - {1—%3(7;2—«12/5)}] (1-€2)de



ha2 3(12 3 ha2 3) a2 3h2
2 2 2 2

Now for large b the HeoH, g contribution is dominant and the torque is negative.

6 CONCLUSIONS

This report discusses the levitation forces and lateral restoring forces for a perfectly conducting disc above
stator electrodes. Oblate spheroidal coordinates are used to solve for the disc currents excited by uniformly
distributed stator strip electrodes. Results are simplified by considering small lateral displacements of the disc
about the electrodes. This allows only the symmetric and first asymmetric modes to be included in the series.
Note in this limit that the contributions from both sets of cross terms (one set is the symmetric excitation
field interacting with the asymmetric current and the other set is the asymmetric source field interacting with
the symmetric current) in the quadratic force expression are of the same order and must be included. The
forces are determined by the Coulomb force method. Calculations based on the formulas clearly demonstrate
stability characteristics observed in previous experiments. For example, levitation forces overcome the disc
weight. In addition, reversal of stability coil currents relative to the levitation coil currents results in lateral
restoring forces and stable levitation at low currents (this non-intuitive approach was eventually used in the
prior experiments). The calculation also shows that with extremely large stability currents (much larger
than could be achieved in the experiments) of the same sign as the levitation coil currents, lateral restoring
forces can also be attained (this was intuitively thought to be the simplest approach to stable levitation
at the outset of the experiments). Calculations also show that by increasing the size of the stability coil
(leaving a dead space between the disc and stability coil) stability coil currents, with the same sign as the
levitation coil currents, can be reduced in magnitude but are still required to be larger than the reversed
sign case. Thus the disc model reproduces the experimental results as well as indicates improvements that
can be attempted.

To understand the results, in particular the lateral restoring forces, simplified models were introduced.
The edge of the disc was modeled as a half plane conductor above electrodes. The first model took the
half plane above a ground plane stator, in which the stator magnetic field was excited by magnetic line
charges. This model furnished simple results for both lateral and vertical forces. In particular, it led to an
understanding that when the stability current is reversed from the levitation current, the induced current on
the half plane near the edge reverses sign (becomes the same sign as the levitation current beneath the half
plane) and thus is repelled by the stability coil. This appears to be the source of stability observed in these
cases. This sign reversal near the edge of the disc is also observed in the oblate spheroidal solution as the
stability point is approached. The two dimensional model also showed that stability can be achieved with
the same current direction on the stability coil (as the levitation coil) but with larger current magnitudes.

Finally, the half plane conductor (representing the disc edge) was placed above uniform current density
strips for both the levitation and stability electrodes. This led to similar results as the previous simplified
model except that the predicted forces are directly tied to the strip or coil current densities. Comparisons
between the predicted lateral forces in this model and in the disc model are relatively good if the stability
coil current is not too large.



7 APPENDIX - UNIT VECTORS IN SPHEROIDAL SYSTEM

This short appendix derives some relations between the unit vectors in the oblate spheroidal system and the
Cartesian and cylindrical systems. The position vector is

r =2ze, +ye, + 2¢,

The relation between Cartesian and cylindrical coordinates and oblate spheroidal coordinates is

z=a\/1+C2\/l—§2coscp
y=a\/1+(2\/1—§25in<p
p=ay/1+/1-¢

z=ad¢
o=/ EEE - f(2) 1 (2) (2)
rem o TS (B (2)+ ()
G (CEORE)

_ 0r/o _ €,07/9§ +¢,0y/0€ +¢,02/5

The metric coefficients are

Thus the unit vectors are

&= Jor/e] = e
_ (e;cosp+ e, sinp) 9p/OE +,02/0 _ e,0p/9 +¢,02/5
he¢ he
or
- —§p£v1+C2+ng\/1—§2
B VE+
_or/o¢ _ e,0r/O¢ +e,0y/0( + e,02/0¢
&= Yor/cl ~ R
_ (egcosp+ e, sinp) 9p/OC +€,02/9C _ €,0p/0¢ + €,02/0¢
h¢ h¢

or
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_eV1-E+e6V1+C

e, =

- VE+C
o — Or/0p _ €02/0p+¢,0y/%p +e,92/0p
= lor/el hy

_ (ceasinpte,co9)p _ep _
- hy " hy, ¥
The limit ¢ = 0 gives
g = —¢,58n (§) = — (e, cosp + g, sinp) sgn (£)

e = e.sgn (§)

= —g,sinp+g, cosp

‘g'b
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Figure 1a. Half plane edge model for disc. Stator field excitation provided by magnetic line
charges.
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Figure 1b. Conformal mapping for solution of problem in 1a.
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Figure 1c. lllustration of current density reversal at edge of half plane. This provides
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Figure 2a. Half plane excited by electric line current.
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Figure 2c. Half plane edge model for disc. Stator field excitation provided by uniform
current density electric current strip electrodes.
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Figure 2d. Total lateral force from half plane edge model with current strip excitation.
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Figure 3a. Disc geometry above circular strip electrodes for stator coils.
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Figure 3b. Stator coils used in previous experiments.
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Figure 3c. Lateral force on disc and from half plane edge model (with current strip
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Figure 3d. Vertical force on disc as a function of stability coil current.
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Figure 3e. Total azimuthal current density on disc as a function of radius when disc is
centered above stator electrodes.
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